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—— Abstract

Given a finite set of points P sampling an unknown smooth surface M C R3, our goal is to triangulate
M based solely on P. Assuming M is a smooth orientable submanifold of codimension 1 in R?,
we introduce a simple algorithm, Naive Squash, which simplifies the a-complex of P by repeatedly
applying a new type of collapse called wvertical relative to M. Naive Squash also has a practical
version that does not require knowledge of M. We establish conditions under which both the
naive and practical Squash algorithms output a triangulation of M. We provide a bound on the
angle formed by triangles in the a-complex with M, yielding sampling conditions on P that are
competitive with existing literature for smooth surfaces embedded in R®, while offering a more
compartmentalized proof. As a by-product, we obtain that the restricted Delaunay complex of P
triangulates M when M is a smooth surface in R® under weaker conditions than existing ones.
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When Alpha-Complexes Collapse Onto Codimension-1 Submanifolds

1 Introduction

Given a finite set of points P that sample an unknown smooth surface M C R? (example in
Figure 1a), we aim to approximate M based solely on P. This problem, known as surface
reconstruction, has been widely studied [2,11,14,17,36-38,41]. Several algorithms based on
computational geometry have been developed, such as Crust [3], PowerCrust [5], Cocone [4],
Wrap [27] and variants based on flow complexes [13,25,34,35]. These algorithms rely on the
Delaunay complex of P and offer theoretical guarantees, summarized in [23].

The most desirable guarantee is that the reconstruction outputs a triangulation of M,
that is, a simplicial complex whose support is homeomorphic to M, in which case we call the
algorithm topologically correct. That has been established for many of the aforementioned
algorithms, assuming that P is noiseless (P C M) and sufficiently dense. Specifically, let
R > 0 be a lower bound on the reach of M, and € > 0 an upper bound on the distance
between any point of M and its nearest point in P. Both Crust and Cocone are topologically
correct under the condition 7 < 0.06 [24], which, to our knowledge, is the weakest such
constraint guaranteeing topological correctness for surface reconstruction algorithms in R®.

Surface reconstruction generalizes to approximating an unknown smooth submanifold
M C R? from a finite sample P. One approach in that case, similar to the Wrap algorithm in
R3, involves collapses, which are typically applied to complexes like the a-complez [12]. The
a-complex of P [28,29,31] includes simplices whose circumspheres have radius < « and enclose
no other points of P [30]. For well-chosen «, the a-complex has the same homotopy type as
M [8,18,19,40], provided that P is sufficiently dense and has low noise relative to the reach
of M. However, it may still fail to capture the topology of M, as illustrated in Figure 1b:
for M C R3, the a-complex of P includes slivers, tetrahedra that have one dimension more
than M, preventing the existence of a homeomorphism. Slivers complicate reconstructing
k-dimensional submanifolds in R? for k > 2 for all Delaunay-based reconstruction attempts.

Contributions. We introduce a simple algorithm, NaiveVerticalSimplification, which
takes as input a simplicial complex K and simplifies it by applying collapses guided by the
knowledge of M. We call it naive because this knowledge is non-realistic in practice. We
find conditions under which the algorithm is topologically correct for smooth orientable sub-
manifolds M of R? with codimension one. Its variant, PracticalVerticalSimplification,
does not rely on M and remains topologically correct, though it requires stricter conditions.
When applying both algorithms to the a-complex of P and returning the result, we obtain
two reconstruction algorithms which we refer to as NaiveSquash and PracticalSquash,
respectively. We determine conditions on the inputs P and « that guarantee the topological
correctness of these squash algorithms. Moreover, for d = 3, we show that PracticalSquash
is correct under the sampling condition & < 0.178 (see Figure 1c for an example output),
while NaiveSquash is correct for & < 0.225, assuming suitable choice of a. We also show
that the restricted Delaunay complex [16] is generically homeomorphic to M when 5 < 0.225.

In addition, while proving these results, we derive an upper bound for when triangles
with vertices on a smooth submanifold M C R? form a small angle with M: for a triangle
abc with a,b,c € M, longest edge bc, and circumradius p, we show that the angle between
the affine space spanned by abc and the tangent space to M at a satisfies:

V3p

sin Z Aff(abc), T,M < = (1)
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Figure 1 Points sampling a surface in R® (a) with the corresponding a-complex, where tetrahedra
are highlighted (b). Applying Practical Squash with parameter « outputs (c).

Techniques. Our proof of correctness for the squash algorithms is more compartmentalized
than the ones present in the literature: we first consider a smooth orientable submanifold
M C R? with codimension one and a general simplicial complex K embedded in R? and
contained within a small tubular neighborhood of M. We introduce wvertical collapses
(relative to M) in K which remove d-simplices of K that either have no d-simplices of K
above them in directions normal to M or no d-simplices of K below them in directions
normal to M. NaiveVerticalSimplification iteratively applies vertical collapses relative
to M. PracticalVerticalSimplification does not depend on knowledge of M and applies
vertical collapses relative to a hyperplane, constructed dynamically based on the simplex
currently considered for collapse.

We examine conditions for the correctness of these algorithms. Apart from the requirement
that K has no vertical ¢-simplices relative to M for 0 < ¢ < d and that its support projects
onto M and fully covers it, we require the vertical convezity of K relative to M. This means
that each normal line to M at a point m (restricted to a small ball around m) intersects
the support of K in a convex set. For PracticalVerticalSimplification, an additional
requirement is that the (d — 1)-simplices of K must form an angle of at most § with M.

Afterwards, we present PracticalSquash and NaiveSquash, which initialize the previous
algorithms with K as the a-complex of a point set P C R? that samples M. We show that
correctness is guaranteed when the i-simplices in the a-complex form small angles with M
for 0 < i < d. We provide explicit upper bounds for these angles, expressed in terms of ¢, 9,
and «a, where € and § control the sample density and noise in P.

We analyze the case d = 3 and provide numerical bounds on the ratios % and 7 that
ensure the correctness of both squash algorithms. Instrumental to this step, we derive (1)
which enables us to upper bound the angles of triangles in the a-complex relative to the
manifold and is of independent interest.

Related work. The Squash algorithms (both practical and naive) are similar to Wrap [12,31]
in that they compute a subcomplex K of the Delaunay complex of P and then perform a
sequence of collapses. However, the selection of K and the nature of the collapses differ
between the two methods: in the naive squash, definitions are relative to M, unlike Wrap,
which uses flow lines derived from P to guide the collapsing sequence. This distinction allows

us to address the general case first and then focus on the specific case of the a-complex.

Moreover, while we guarantee correctness for a larger interval of the ratio 5 compared to
previous literature, most existing work addresses non-uniform sampling cases, whereas our
work focuses on uniform sampling.

The vertical convexity assumption, crucial for the correctness of our algorithms, has been

employed in various forms to establish collapsibility of certain classes of simplicial complexes
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When Alpha-Complexes Collapse Onto Codimension-1 Submanifolds

[1,10,20]. Similarly, bounding the angle between the manifold and the simplices used for
reconstruction has been essential in prior work [6,9,21-23]. Our bound (1) remains true when
replacing R with the local feature size of a, as explained in [7, App. A]. The thus modified
bound improves upon the known bound [23, Lemma 3.5].

At last, for d = 3, we show in the full version [7] that the restricted Delaunay complex is
generically homeomorphic to M for = < 0.225. In contrast, it is proven to be homeomorphic
to M only if 5 < 0.09 [22, Theorem 13.16], a result based on the Topological Ball Theorem [22,
Theorem 13.1]. Our proof bypasses this requirement, relying instead on NaiveSquash.

Outline. After the preliminaries in Section 2, Section 3 defines vertically convex simplicial
complexes. We introduce the concepts of upper and lower skins for these complexes and
prove that both are homeomorphic to their orthogonal projection onto M. Section 4 presents
general conditions under which a simplicial complex K can be transformed into a triangulation
of M through either Naive or Practical vertical simplification. Section 5 provides conditions
ensuring the topological correctness of both the naive and practical Squash algorithms and
the restricted Delaunay complex. All missing proofs can be found in the full version [7].

2 Preliminaries

Subsets and submanifold.

Given a subset X C R?, we define several important geometric concepts. The convex hull of
X is denoted as conv(X) and the affine space spanned by X as Aff(X). The interior of X is
denoted as X°. The relative interior of X, denoted as relint(X), represents the interior of
X within Aff(X). For any point  and radius r, we denote the closed ball with center 2 and
radius 7 as B(x,7). The r-offset of X, denoted as X®", is the union of closed balls centered
at each point in X with radius r: X®" =J, .y B(z,r). The medial axis of X, denoted as
axis(X), is the set of points in R? that have at least two nearest points in X. The reach of
X, denoted as Reach(X), is the infimum of distances between X and axis(X). Furthermore,
we define the projection map 7x : R?\ axis(X) — X, which associates each point x with its
unique closest point in X. This projection map is well-defined on every subset of R? that
does not intersect axis(X), particularly on every r-offset of X with r < Reach(X).

Throughout the paper, we designate M as a compact C? submanifold of R? of
codimension one, and, therefore, orientable (see e.g. [42]).

Given m € M, we denote the affine tangent space to M at m as T,, M and the affine
normal space as N,, M. As M has codimension one, T,, M is a hyperplane and N,, M
is a line. Additionally, since M is C?, it has a positive reach [43]. For all real numbers r
such that 0 < r < Reach(M), the r-offset of M can be partitioned into the set of normal
segments {N,, M N B(m,r)}merm [26], that is,

M= NuMnB(m.r).

We define n : M — R? as a differentiable field of unit normal vectors of M [26]. We
let R be a finite arbitrary number such that 0 < R < Reach(M), fixed throughout.
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Abstract simplicial complexes and collapses.

We recall some classical definitions of algebraic topology [29,39]. An abstract simplicial
complez is a collection K of finite non-empty sets with the property that if o belongs to K,
so does every non-empty subset of 0. Each element o of K is called an abstract simplex and
its dimension is one less than its cardinality: dimo = cardo — 1. A simplex of dimension 14
is called an i-simplex and the set of i-simplices of K is denoted as K. If 7 and o are two
simplices such that 7 C o, then 7 is called a face of o, and o is called a coface of 7. The
(d — 1)-dimensional faces of o are the facets of 0. The vertex set of K is Vert K = |, 0.
A subcomplex L of K is a simplicial complex whose elements belong to K. The link of o in
K, denoted Lk(o, K), is the set of simplices 7 in K such that TUo € K and TNo = 0. Tt is
a subcomplex of K. The star of o in K, denoted as St(o, K), is the set of cofaces of o. The
simplicial complex formed by all the faces of o is the closure of o, Clo.

Consider next an abstract simplex ¢ C RZ. One can associate it to the geometric simplex
conv(o) C RY, called the support of o. In general, dim(Aff(0)) < dim(c) and we say that o is
non-degenerate whenever dim(Aff(o)) = dimo. Given a simplicial complex K with vertices
in R?, we say that K is canonically embedded if the following two conditions are satisfied:
1. dimo = dim(Aff(0)) for all o € K;;

2. conv(aN B) = conv(a) Nconv(P) for all o, 5 € K.

In this paper we consider exclusively abstract simplicial complexes K with vertex sets
in R? and which are canonically embedded.

Given such a simplicial complex, its underlying space (or support) is the point set
|K| =U,cx conv(o). If |K]| is homeomorphic to M, then K is called a triangulation of M
or is said to triangulate M. Since K is canonically embedded, the link of every i-simplex
of K falls into one of the following two categories: (1) it is a triangulation of the sphere of
dimension d — i — 1 or (2) it is a proper! subcomplex of such a triangulation. The boundary
complex of a simplicial complex K is the subset of simplices in the second category, denoted
0K, and it holds that |0K| = 0|K|. Simplices in 0K are referred to as boundary simplices
of K. Given a set of abstract simplices ¥, if 0 € ¥ has no coface in ¥ besides itself, then o
is said to be inclusion-mazimal in 3.

Suppose that 7 € K is a simplex whose star in K has a unique inclusion-maximal element
o # 7. Then 7 is said to be free in K. Equivalently, 7 is free in K if and only if the link of
7 in K is the closure of a simplex. Consequently, free simplices of K are always boundary
simplices of K. However, not all boundary simplices of K are necessary free. There are
instances where none of them are free, such as the famous example when K triangulates the
2-dimensional subspace of R?, known as the “house with two rooms”. A collapse in K is the
operation that removes from K a free simplex 7 along with all its cofaces. This operation is
known to preserve the homotopy-type of | K]|.

Delaunay complexes, a-complexes, and a-shapes.

Consider a finite collection of points P C R?. The Voronoi region of ¢ € P is the collection
of points € R? that are closer to ¢ than to any other points of P:

V(g,P)={z €R"| |z = qll < [z —pl, for all p € P}.

1A proper subset A of B is such that A # B.
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When Alpha-Complexes Collapse Onto Codimension-1 Submanifolds

Given a subset 0 C P, let V(o,P) =), V(q, P). The Delaunay complex is defined as

qco
Del(P)={oc C P| o # 0 and V(o, P) # 0}.

A simplex o € Del(P) is called a Delaunay simplex of P and it is dual to its corresponding
Voronoi cell V (o, P). Henceforth, we assume that the set of points P is in general position.
This means that no d + 2 points of P lie on the same d-dimensional sphere and no k + 2
points of P lie on the same k-dimensional flat for k& < d. In that case, Del(P) is canonically
embedded [33]. For a > 0, the a-complex of P is the subcomplex of Del(P) defined by:

Del(P,a) = {oc C P | o # 0 and V (o, P) N P®* £ (}.

Its underlying space | Del(P, &)| = U, epei(p,q) conv(o) is called the a-shape of P. It has the
properties: (i) | Del(P, )| € P®* and (ii) | Del(P, «)| is homotopy equivalent to P®%; see
[28] for more details.

Figure 2 Left: P is such that neither PP nor Del(P, a) are vertically convex relative to a
horizontal line. Right: Decomposition of P®* \ | Del(P, «)|° in joins as described in [28].

3 Vertically convex simplicial complexes

In this section, we define the concept of vertical convexity relative to M for both a set and a
simplicial complex. We then study the boundary of a vertically convex simplicial complex K.
Specifically, we divide the boundary of its underlying space into an upper and a lower skins,
enabling us to identify two boundary subcomplexes: an upper and a lower ones. Furthermore,
we show that each of these subcomplexes triangulates the orthogonal projection of |K| onto
M (Lemma 6). We also extend the definitions for a single d-simplex.

» Definition 1 (Vertical convexity). A set X C R? is vertically convex relative to M if
Ir € [0,Reach(M)) such that

1. X C M9 and

2. Vme M, N, MnNB(m,r)NX is conves.

In other words, for any m € M, the set N, M N B(m,r) N X is either empty or a line
segment (possibly of zero-length). A simplicial complex K is vertically convex relative to M
if its underlying space |K| is.

Examples of a non-vertically convex and a vertically convex simplicial complexes are
provided in Figures 2 and 3, respectively.
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UpperSkin ,,(K)

Figure 3 A simplicial complex K vertically convex relative to the curve M. Each segment
N,.M N B(m,r) (in dashed orange) intersects |K| in a line segment, as highlighted (blue) for the
point m (represented by a black square). Lemma 4 shows that each of the two skins of | K|, depicted
in green and pink according to the labeling arrows, is homeomorphic to M.

3.1 Upper and lower skins

Assume that X C R? is vertically convex relative to M and let m € mo(X). The endpoints
(possibly equal) of the segment N, M N B(m,r) N X are denoted by lowx (m) and upx(m),
with up x (m) being above low x (m) along the direction of the unit normal vector n(m). With
this notation, X can be expressed as a union of disjoint normal segments:

X = UmeﬂM(X)[lowX(m),upX(m)].
The upper skin and lower skin of X are, respectively:

UpperSkin y,(X) = {upx(m) | m € mm(X)},
LowerSkinp(X) = {lowx (m) | m € map(X)}.

Figure 3 displays an example. Our goal is to study the skins of | K|, for which we need two
extra definitions.

» Definition 2 (Vertical simplex). A simplex 0 C R? such that conv(c) C R?\ axis(M) is
vertical relative to M if there exists a pair of distinct points in conv(c) sharing the same
projection onto M.

» Definition 3 (Non-vertical skeleton). Assume that |K| C R?\ axis(M). We say that K has
a non-vertical skeleton relative to M if K contains no vertical i-simplices relative to M for
all integers 0 < 1 < d.

The next lemma is a key property of vertically convex simplicial complexes:

» Lemma 4. Suppose that K is vertically conver and has a non-vertical skeleton relative to
M. Then, the upper and lower skins of | K| are closed sets, each homeomorphic to ma(|K]|).
The homeomorphism is realized in both cases by mwaq. In addition,

0| K| = UpperSkin ,, (| K|) U LowerSkin a (| K1). (2)
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28 A simple consequence follows:

2 B Lemma 5. Let K be vertically convex and with non-vertical skeleton relative to M. If
o UpperSkin (| K|) = LowerSkin (| K|), then K = 0K.

N
@

231 Aiming for a simplicial version of Equation (2), we define the upper complex of K and
22 the lower complex of K relative to M as follows:

Pe UpperComplex ,((K) = {v C 0K | conv(v) C UpperSkin (| K1)},
234 LowerComplex ,,(K) = {v C 0K | conv(r) C LowerSkin (| K1)}

25 By construction, both are subcomplexes of 0K. A combinatorial equivalent of Lemma 4 is:
26 B Lemma 6. Let K be vertically convex with non-vertical skeleton relative to M. Then,

237 | UpperComplex 4 (K)| = UpperSkin ,, (| K|),
238 | LowerComplex ,(K)| = LowerSkinp(|K|) and
239 0K = UpperComplex o, (K) U LowerComplex y, (K).

20 Moreover, if mapm(|K|) = M, both UpperComplex ,(K) and LowerComplex ,((K) are trian-
a1 gulations of M.

2 3.2 Upper and lower facets of a d-simplex

23 Let o be a non-degenerate d-simplex of R? such that conv(c) € M®" for some r < Reach(M).
24 In that case, Clo is embedded and vertically convex relative to M. The facets of o can be
x5 partitioned into upper facets and lower facets of o relative to M as follows:

246 UpperFacets (o) = {v facet of o | v € UpperComplex ,(Clo)}
247 LowerFacetsa (o) = {v facet of o | v € LowerComplex ,,(Clo)}.

28 An example can be seen in Figure 4, where one can also observe the following property:

ME”

249 Figure 4 Upper (smooth green edges) and lower (dotted pink edge) facets of a 2-simplex o C R?.

20 » Lemma 7. Consider a non-degenerate d-simplex o C R? such that conv(c) C M®" for
s some r < Reach(M). If o has no vertical facets relative to M, then UpperFacets (o) and
2 LowerFacetsa (o) are non-empty sets that partition the facets of o.
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4 \Vertically collapsing simplicial complexes

In this section, assuming that |K| C M®" for some r < Reach(M), we introduce an
algorithm for simplifying K using vertical collapses relative to M (Section 4.1) and establish
conditions for when it outputs a triangulation of M (Section 4.2). We first present a naive

version that requires the knowledge of M and then present a practical version (Section 4.3).

4.1 Naive algorithm

» Definition 8 (Vertically free simplices). A simplex 7 is said to be free from above (resp.,
free from below) in K relative to M if
T is a free simplex of K;
the unique inclusion-maximal simplex o in St(7, K) has dimension d;
the set of (d — 1)-simplices in St(r, K) is exactly the set of upper (resp., lower) facets of
o relative to M.
We say that 7 is vertically free in K relative to M if T is either free from above or from
below in K relative to M. See Figures 5 and 7 for a depiction.

» Remark 9. Definition 8 can be naturally extended to non-compact submanifolds M. In
particular, it holds for hyperplanes, a fact that we use in Algorithm 2.

» Definition 10 (Vertical collapse). A vertical collapse of K relative to M is the operation
of removing the star of a simplex T € K that is vertically free relative to M.

_—
Collapsing 7

me

Vertically
_
collapsing 7

Figure 5 Schematic drawings of K in blue (smooth filled areas). Top row: the edge 7 is free
but not vertically free relative to M and collapsing 7 does not preserve the vertical convexity of
K. Bottom row: the vertex 7 is free from above relative to M, so that collapsing 7 preserves the
vertical convexity of K (Lemma 14). The (d — 1)-simplices of K that disappear with 7 are precisely
the upper facets of o (smooth edges, in green).
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A vertical collapse of K can be seen as compressing the underlying space of K by shifting
its upper or lower skin along directions normal to M; see Figure 5. Our first algorithm,
outlined in Algorithm 1, simplifies K by iteratively applying vertical collapses relative to M.
It is worth noting that the algorithm operates on any simplicial complex K with |K| C M®"
for r < Reach(M), irrespective of whether K is vertically convex relative to M or not.

Algorithm 1 NaiveVerticalSimplification(K)

while there is a simplex 7 vertically free in K relative to M do
Collapse 7 in K;
end while

4.2 Correctness

We now establish conditions under which NaiveVerticalSimplification(K) transforms
K into a triangulation of M. For that, we introduce a binary relation over d-simplices:

» Definition 11 (Below relation <4). Let 0g,01 C R be two d-simplices sharing a common
facet v = 09N oy and let conv(og) Uconv(oy) € M®" for some r < Reach(M). We say that
o9 is below oy (or that oy is above o) relative to M, denoted og < 01, if v is an upper
facet of ¢ and a lower facet of o1 relative to M.

Note that the relation <4 is not acyclic in general, see Figure 6.

Figure 6 Non-Delaunay triangles that form a cycle in the < relation and their dual graph.

» Theorem 12 (Correctness). Consider K such that |K| C M®" for some r < Reach(M)
and assume the following:

Injective projection: K has a non-vertical skeleton relative to M.

Covering projection: wap(|K|) = M.

Vertical convexity: K is vertically convex relative to M.

Acyclicity: <nq is acyclic over d-simplices of K.

Then, NaiveVerticalSimplification(K) transforms K into a triangulation of M.

The remaining of this section aims to prove Theorem 12 and we consider K such that
|K| C M®" for some r < Reach(M). Using the relation <, associate to K its dual graph
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G am(K) that has one node for each d-simplex of K and one arc for each pair of d-simplices
09,01 € K that share a common facet og N oy. Direct an arc from og to o1 if 09 < 01,
and from o7 to o otherwise. Since either o9 <aq 01 or o1 < 09, this yields a well-defined
orientation for each arc in the dual graph. Figures 6 and 7 show examples.

{ por

Figure 7 A vertically convex simplicial complex K relative to M. All free simplices are highlighted
by thickness. There are four simplices free from below (represented by three dotted edges and
one triangular vertex, in pink) and four simplices free from above (represented by two dashed
edges and two square vertices, in green). The dual graph (oriented edges, in blue) has four sources
(vertices filled by dots, in pink) and four sinks (vertices with a smooth filling, in green), in one-to-one
correspondence with the free simplices from below and above.

In a directed graph, a source is a node with only outgoing arcs, while a sink is a node
with only incoming arcs. The next lemma states that a vertical collapse in K corresponds to
the removal of either a sink or a source in Gq(K) and conversely. For that, given a finite
set of abstract simplices ¥ = {01, 09,...,01}, let X = ﬂle o; denote the set of vertices
that belong to all simplices in X. If (X # 0, it forms an abstract simplex.

» Lemma 13 (Sinks and sources). Consider K such that | K| C M®" for some r < Reach(M)
and assume that K satisfies the injective projection, covering projection and vertical convexity
assumptions of Theorem 12. Consider a d-simplex 0 € K and let 7 = () UpperFacets y((0)
and 7" = (| LowerFacets(c). Then,

7 is a free simplex of K from above relative to M <= o is a sink of Gp(K).

7' is a free simplex of K from below relative to M <= o is a source of Gp(K).

The next lemma provides an invariant for the while-loop of Algorithm 1.

» Lemma 14 (Loop invariant). Consider K such that |K| C M®" for some r < Reach(M).
Let T be a vertically free simplex in K relative to M. Let K' be obtained from K by collapsing
7 in K. If K satisfies the assumptions of Theorem 12, then so does K'.

» Lemma 15 (Upon termination). Consider K such that |K| C M®" for some r < Reach(M)
and assume that K satisfies the injective projection and vertical convexity assumptions of
Theorem 12. If Gpm(K) = 0, then LowerSkin (| K|) = UpperSkin (| K]).
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Proof. We establish the contrapositive:
LowerSkinp (| K|) # UpperSkin \(|K|) = Gum(K)#0

Suppose that the two skins are distinct, in other words, that there exists m € M such that
low| x| (m) # up|g(m) and let us show that the segment [lowg|(m), upg (m)] intersects the
support of at least one d-simplex of K, implying Ga((K) # (. Suppose, for a contradiction,
that [low)x|(m), up|x (m)] only intersects the support of i-simplices of K for i < d. As
low| x| (m) # up g (m) and K has a finite number of simplices, at least one of these i-
simplices, say v, intersects [low|g(m), up) K|(m)] in a non-zero length segment containing
distinct points z,y € conv(v) N [low x| (m), up (m)]. Hence, x and y share the same
orthogonal projection m onto M, implying that v is vertical relative to M. This contradicts
the injective projection assumption on K and therefore establishes the contrapositive. <«

We now prove the correctness of NaiveVerticalSimplification(K).

Proof of Theorem 12. The algorithm starts with K that satisfies the theorem assumptions.
By Lemma 14, after each iteration of the while-loop we obtain a new K that continues to
satisfy those assumptions. Since each iteration involves a vertical collapse of K relative
to M, the number of d-simplices of K is reduced. Thus, the algorithm must terminate.
Upon termination, there are no vertically free simplices in K relative to M. By Lemma 13,
this implies that, when Algorithm 1 terminates, G o¢(K) has no terminal node (neither a
source nor a sink) and is therefore empty. By Lemma 15, it follows that LowerSkin (| K|) =
UpperSkin ,,(|K|). By Lemma 5, we have K = 0K and Lemma 6 implies

K = 0K = UpperComplex ,(K) = LowerComplex ,,(K),

with K being a triangulation of M. |

4.3 Practical version

Algorithm 1 relies on knowledge of M, which renders it impractical for implementation since
M is typically unknown. In this section, we introduce Algorithm 2, a feasible variant that is
correct if the (d — 1)-simplices of K form a sufficiently small angle with M; see [7, App. A]
for a definition of the angle between affine spaces. In this variant, we assign an affine space
H, to each 7 € K: for a free simplex 7 with a d-dimensional coface o, H. is defined as the
hyperplane spanned by any facet of 0. Otherwise, set H, = . We also use the notion of
vertically free simplices relative to H,, extending Definition 8 as indicated in Remark 9.

Algorithm 2 PracticalVerticalSimplification(K)

while there is a simplex 7 vertically free in K relative to H, do
Collapse 7 in K;
end while

» Theorem 16 (Correctness). Suppose that K satisfies the assumptions of Theorem 12 and,
in addition, for all (d — 1)-simplices v of K

max Z(Aff(v), Ty, (M) <

acy

(3)

N

Then, PracticalVerticalSimplification(K) transforms K into a triangulation of M.
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5 Correct reconstructions from a-complexes

In this section, we assume that M is sampled by a finite point set P and consider Algorithms 3
and 4, which apply vertical collapses to Del(P, «) either straightforwardly or practically. We
introduce two parameters, ¢ > 0 and § > 0, to control the sample density and noise of P,
respectively, and a scale parameter a > 0. Section 5.1 establishes conditions ensuring the
correctness of Algorithms 3 and 4, with the proof outlined in Section 5.2. Section 5.3 shows
how these conditions hold for a wide range of 5 and 7 when M is a surface in R3 and P is
noiseless. This result is extended to the restricted Delaunay complex of P in Section 5.4.

Algorithm 3 NaiveSquash(P, a)

K < Del(P, a); NaiveVerticalSimplification(K); return K;

Algorithm 4 PracticalSquash(P, )

K + Del(P,a); PracticalVerticalSimplification(K); return K;

5.1 Sampling and angular conditions in R?
The next definition enables us to express our results in R? more concisely.

» Definition 17 (Strict homotopy condition). We say that €, > 0 satisfy the strict homotopy
condition if (R — )% — &2 > (4v/2 = 5)R? for § <e and e + /25 < (v/2—1)R for § > e.

Let I(g,8) be an interval of a values so that P®% is vertically convex with relation to M.
The exact definition can be found in [7, App. D.1]. The fact that this interval guarantees
vertical convexity follows from the specialization of Propositions 5 and 7 in [8] to the case
where M has codimension-one:

» Theorem 18 (Specialization of [8]). Suppose that M C P®¢ and P C M®® with ¢,6 > 0
that satisfy the strict homotopy condition. Then, for all a € I(g,6), mp(P%Y) = M and
P% s yertically conver relative to M. Thus, PP has associated upper and lower skins and
deformation-retracts onto M along mwaq. In addition, the two skins partition OP®<.

The above concepts can be put together to state our main theorem:

» Theorem 19. Assume M C P®° and P C M®° fore,§ > 0 that satisfy the strict homotopy
condition. Let o € {5, @) N1I(e,8) and B > 0 such that M®® C P®>. Suppose that for
all i-simplices T € Del(P, a), 0 < i < d and all (d — 1)-simplices v € Del(P, «) it holds:

max( )A(AH’(T),TWM@)M) < g, (4)
xeconv(T
, . ((R+B)*—(R+6)?—a?
Iglelg_lé(Aﬂ'(T),TﬂM(a)M) < arcs1n< SR+ 0)a and (5)
. s . (6]
IECH(}IIII\}(V) Z(AH‘(V), Tﬂ'M(w)M) < 5 — 2arcsin (2(7?,—(5—0[)) . (6)

Then, Del(P, «) satisfies the injective projection, covering projection, vertical convexity and
acyclicity assumptions of Theorem 12. Furthermore, both the upper and lower complexes of
Del(P, «) relative to M are triangulations of M and NaiveSquash(P, «) returns a triangu-

lation of M.
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One can check that Conditions (4), (5) and (6) are well-defined; see Remark E1 in [7].

» Corollary 20. Suppose the assumptions of Theorem 19 are satisfied and furthermore that
for all (d — 1)-simplices v € Del(P, «),

max Z(Aff(v), Ty, (M) < T (7)

acv 4

Then, PracticalSquash(P, «) returns a triangulation of M.

5.2 Partial proof technique for Theorem 19

In this section, we establish the covering projection and vertical convexity of Del(P, ), as
guaranteed by Theorem 19. The complete proof of that theorem, which is unfortunately too
lengthy to include here, can be found in [7, App. EJ.

» Lemma 21. Assume M C P®¢ and P C M®? for £,6 > 0 that satisfy the strict homotopy
condition. Let a € [§,R — &) N 1(,8) and B > 0 be such that M®P C PS> Suppose
that for all i-simplices T € Del(P, o) with 0 < i < d, Conditions (4) and (5) hold. Then,
Tm(| Del(P, a)|) = M and Del(P, «) is vertically convex relative to M.

LU 7
M S e

\

lower skin of P& Fe

upper skin of P

W

Figure 8 Decomposing PP\ | Del(P, «)|° into upper joins (hashed, in green) and lower joins
(dotted, in pink).

Upper and lower joins. For proving this lemma, we introduce upper and lower joins.
Consider M, P, ¢, 6§, a and [ that satisfy the assumptions of Lemma 21 and notice that they
also meet the conditions of Theorem 18. Therefore, P®% has associated upper and lower
skins and the two skins form a partition of OP®%. Using that partition, we decompose the set
difference PP\ | Del(P, )|° into upper and lower joins, slightly adapting what is done in [28];
see Figures 2 and 8. For that, notice that 9P® can be decomposed into faces, each face
being the restriction of 9P® to a Voronoi cell of P. There is a one-to-one correspondence
between simplices of 3 Del(P, ) and faces of 9P®%: the simplex 7 € 9 Del(P, «) corresponds
to the face F, = V (7, P) N 9P®* and conversely. We can further partition each face F, of
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OP%“ into a portion F." that lies on the upper skin of 9P and a portion F that lies on
the lower skin of 9P®*. Note that F" or F can be empty. We refer to F.* as an upper
face and F as a lower face. The set of upper faces decompose the upper skin, while the
set of lower faces decompose the lower skin. A join X Y is defined as the set of segments
[,y] where x € X and y € Y [28]. We call F" * conv(7) an upper join and F. * conv(T) a
lower join. The next lemma, proved in [7, App. E.2], identifies points in 9] Del(P, «)| that
are connected to upper or lower joins.

» Remark 22. The collection of upper and lower joins cover the set P®® \ | Del(P, a)|°.

» Remark 23. If an upper join and a lower join have a non-empty intersection, the common
intersection belongs to | Del(P, a)|.

» Lemma 24. Under the assumptions of Lemma 21, lety € Del(P, ) and x € relint(conv(y)).
If for some X\ > 0 (resp. A < 0), the segment (z,z + An(maq(x))] lies outside | Del(P, &),
then it intersects an upper (resp. lower join).

Proof of Lemma 21. Consider M, P, ¢, §, @ and 3 that satisfy the assumptions of Lemma 21.
As noted before, they also meet the conditions of Theorem 18. Therefore, ma(P®%) = M
and P®® is vertically convex relative to M. Hence, there exists 7 < Reach(M) such that
P®> C M®" and P®* N N,, M N B(m,r) is a line segment for any m € M. Fix m € M
arbitrarily. We show that | Del(P, «)| N N,,, M N B(m, r) is also a line segment.

First, we show by contradiction that it is non-empty. Let u™ (resp. u™~) be the endpoint
of the segment P®* N N,, M N B(m,r) that lies on the upper (resp. lower) skin of P®* and
hence is contained in an upper (resp. lower) join. By Remark 22, the entire segment [u™, u™]
is covered by upper and lower joins. Thus, at some point ¢ of [u™,u~], an upper join and a
lower join intersect. By Remark 23, such an intersection places ¢ on | Del(P, «)| as well.

Second, we show by contradiction that |Del(P,a)| N N,, M N B(m,r) is connected.
Suppose that a,b € | Del(P, )| " N,,, M N B(m, r) are such that [a,b] N | Del(P, )| = {a,b}
with a being above b along the direction of n(m). Since a,b € | Del(P, )| € P®* and P%* is
vertically convex, the segment [a,b] is contained in P®*. By Remark 22, the entire segment
[a, b] is covered by upper and lower joins. Let v, and -, be the simplices of Del(P, ) that
contain a and b, respectively, in their relative interior. Letting \ = @, then both segments
(a,a — An(m)] and (b, b+ An(m)] lie outside | Del(P, a)|. It follows, by Lemma 24, that there
are at least one lower and one upper joins among the joins that cover (a,b); see Figure 9.
Hence, an upper and a lower joins intersect at a point ¢ of the segment (a,b). By Remark 23,
¢ lies in | Del(P, a)|, a contradiction. Therefore, for all m € M, | Del(P, o)| "N, MN B(m,r)
is non-empty and connected, thus forming a line segment. |

5.3 Sampling conditions for surfaces in R®.

Theorem 19 requires that the i-simplices of Del(P, &) form a small angle with the manifold
M, for 0 < i < d. Ensuring this can be challenging in practice, especially for 7 > 3. However,
in the specific case of noiseless edges (i = 1) or triangles (i = 2), it is possible to upper bound
the angle these simplices form with M. For edges, it is known that:

» Lemma 25 ([15, Lemma 7.8]). If ab is a non-degenerate edge with a,b € M, then

b all

i <
sin Z Aff(ab), T,M < 5

For triangles, let p(7) be the radius of the smallest (d — 1)-sphere circumscribing 7. We
establish a simple bound that is tighter than the previous one (see [23, Lemma 3.5]):
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upper skin of PP~ N, M

lower skin of P®¢

Figure 9 Reaching a contradiction in the proof of Lemma 21. We see the simplices of Del(P, «)
whose support intersects N, M N B(m, r) (smooth filling, in pale blue) and one upper (hashed, in
green) and one lower (dotted, in pink) joins that intersect [a,b].

» Lemma 26. If abc is a non-degenerate triangle with longest edge be, for a,b,c € M, then

b
sin Z Aff (abe), T, M < p(;zzc) if abe is an obtuse triangle and
b
sin Z Aff(abc), T,M < % if abc is an acute triangle.

If abc is obtuse, the bound is tight and happens when M is a sphere of radius R.

The proof is technical and is therefore provided in [7, App. A]. For the same reason, the
proof of the following result, where we use the bounds for edges and triangles to establish
sampling conditions for surfaces in R?, is in [7, App. F]. Let us define

e’ 2, & 2
ﬁs,a:*ﬁﬂL « Jr@*i?a

which is one particular value of 3 that guarantees M®? C P®%; see [7, App. D.2].

» Theorem 27. Let M be a C? surface in R® whose reach is at least R > 0. Let P be a
finite point set such that P C M C P®¢,
1. For all e, > 0 that satisfy % < min{%, cos (2 arcsin (%))},
the upper and lower complexes of Del(P, «) relative to M are triangulations of M;
NaiveSquash(P, «) returns a triangulation of M.
2. For alle,a > 0 that satisfy in addition VBa o gip (% — 2arcsin (%)),

R
PracticalSquash(P, «) returns a triangulation of M.
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£ o
R R

» Remark 28. In particular, 1 holds for 5 < 0.225 and % = 0.359; and 2 for 5 < 0.178 and
% = 0.207, better bounds than the previous existing ones [22, Theorem 13.16][24].

The pairs of ( ) that satisfy 1 and 2 are depicted in Figures 10a and 10b, respectively.

0.396
0.4 0.4
0.359
0.3 1 0.3
a/R a/R
/ / 0.207
0.2 1 0.2 9
0.1 1 0.1
0.225 0.178
(@ 0.0 01 02 0.3 (b) 0.0 0.1 0.2 0.3
e/R e/R

Figure 10 Pairs of (5, %) for which NaiveSquash(P, «) (a) and PracticalSquash(P, «) (b) are

correct, for P C M C P%¢ and d = 3.

5.4 The restricted Delaunay complex
We recall from [32] that the restricted Delaunay complex is
Delpm(P) ={c C P|o #0and V(o,P)NM # 0}.

» Theorem 29. Let M be a C? surface in R® whose reach is at least R > 0. Let P be a finite
set such that P C M C P for 0 < % < 0.225. Under the additional generic assumption
that all Voronoi cells of P intersect M transversally, Delp(P) is a triangulation of M.
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